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We report spectral features of far infrared electromagnetic radiation absorption in anatase TiO2
nanopowders which we attribute to absorption by acoustic phonon modes of nanoparticles. The fre-
quency of peak excess absorption above the background level corresponds to the predicted frequency
of the dipolar acoustic phonon from continuum elastic theory. The intensity of the absorption cannot
be accounted for in a continuum elastic dielectric description of the nanoparticle material. Quantum
mechanical scale dependent effects must be considered. The absorption cross section is estimated
from a simple mechanical phenomenological model. The results are in plausible agreement with the
absorption being due to a sparse layer of charge on the nanoparticle surface.
PACS numbers: 36.40.Vz 78.30.-j 63.22.+m
I. INTRODUCTION
The optical properties of nanoparticles (NP) provide
avenues for material characterization and for the creation
of nanocomposites for customized photonics applications.
In particular, the mechanical vibrations (i.e. acoustic
phonons) of NP can be observed through low frequency
Raman scattering (LFR) and also through ultrafast laser
pump-probe experiments (UFLPP). However, the THz
frequency range of these acoustic phonons raises the ques-
tion of whether they can absorb electromagnetic radia-
tion in the far infrared (FIR). This has not been seen
before now.
Anomalous FIR absorption of small metal NP has long
been predicted due to the discretization of electron en-
ergy levels which would otherwise be in a continuum in
bulk metal.1,2 This has been experimentally investigated
in NP of Cu, Al, Sn and Pb,3 Al,4 and Ag.5,6,7
There is significant interest in FIR absorption of NP
molecules (small groups of NPs) in a strong magnetic
field, related to the electronic states.8,9,10
However, the FIR properties of insulating NP have
been ignored up to now. It is the aim of the present
paper to explore FIR absorption of insulating NP with
emphasis on the role of acoustic phonons having frequen-
cies in the FIR. It is necessary to proceed with a simulta-
neous experimental and theoretical investigation. Mea-
surements on the FIR absorption of titanium dioxide NP
are presented here, and they indicate the overall absorp-
tion cross section per NP. Theoretical estimates are given
below of the expected order of magnitude of the portion
of FIR absorption cross section per NP due to acoustic
phonons.
II. FIR ABSORPTION
Here we review the basic features of FIR absorp-
tion. The general setup of a FIR absorption experi-
ment is that a FIR source is arranged in relation to a
FIR detector, with the sample in between. The detec-
tor records the transmitted intensity IT (ω) over a range
of frequency, ω, which went from 15 cm−1 to 200 cm−1
in our case. The transmitted intensity with the sam-
ple temporarily removed is IT0(ω). The transmitted in-
tensity ratio attributed to the effect of the sample is
IT (ω)/IT0(ω). Let tsamp be the thickness of the sam-
ple in cm. The absorption coefficient is obtained by
α(ω) = (−1/tsamp) ln(IT /IT0) where ln is the natural
logarithm.
When the sample consists of N individual NP that
each have absorption cross section σ (in square meters)
the total absorbing area is Nσ. If A is the area of the
aperture in which the sample is placed then
σ(ω) = −
A
N
ln
(
IT
IT0
)
(1)
There are two distinct reasons why the incident FIR
radiation does not reach the detector: (1) scattering and
(2) absorption. For samples of NP, absorption strongly
dominates. The intensity of Rayleigh scattering from a
single NP scales as the diameter to the sixth power, and
scales as frequency to the fourth power.3
III. FIR ABSORPTION OF METAL NP
Although the focus of this paper is on FIR absorption
of insulating NP, it is instructive to review the mecha-
nisms of FIR absorption in metal NP. As noted above,
effects of scattering are negligible.
2When the diameters of a NP is much smaller than the
wavelength of the incident radiation, the NP can be con-
sidered to be a dielectric sphere in a static uniform elec-
tric field. The dielectric response of a metal NP is related
to its conductivity. The motion of polarization charge
corresponds to current flow in the NP, and ohmic losses
lead to energy absorption. This is the electric dipole
mechanism. There is a magnetic dipole mechanism which
starts to become dominant over the electric dipole mech-
anism when the NP is larger. This latter mechanism is
also more important when the conductivity is greater.3
The great interest in the subject of FIR absorption of
metal NP is in part due to the fact that the observed
FIR absorption is orders of magnitude greater than that
predicted by the above two mechanisms.3,4 This has led
to a great deal of theoretical investigations into mecha-
nisms by which the amount of FIR absorption could be
significantly increased.
FIR absorption can be greatly increased by the pres-
ence of an oxide surface layer.11 This would have lower
conductivity than the metal interior and provide a mech-
anism for increased energy dissipation. Non-spherical
shape of the NP also increases FIR absorption.12,13
Clustering of the NP could be modelled in terms of
percolation14,15 which means that long conducting paths
form. The electromagnetic response of NP pairs and
chains has also been considered.16 Clustering effects can
be analyzed in terms of an effective medium either using
the Maxwell-Garnet theory or other formulas.17 Quan-
tum mechanical effects have been considered using the
random phase approximation18 and density functional
theory19 and other approaches.20,21 There may be an en-
veloping electron cloud in a classical description.22
Another mechanism is energy dissipation through the
excitation of phonons. The excitation of ultrasound
phonons through an electromagnetic wave hitting bulk
metal has long been known.23 This possibility was
pointed out for FIR radiation striking metal NP.24,25,26
IV. CONFINED ACOUSTIC PHONONS
The focus of this paper is mechanisms of FIR absorp-
tion through coupling of the incident electromagnetic ra-
diation to the mechanical vibrational modes of the NP.
This section provides background information on these
acoustic phonons.
Approximations about a NP are made as follows: It is
an isolated sphere of radius Rp. (Our samples had 2Rp =
4.5 nm and 7.5 nm.) It is a homogeneous isotropic elas-
tic continuum. It has density ρ and longitudinal and
transverse speeds of sound vL and vT . For polycrys-
talline TiO2, ρ = 4097 kg/m
3, vL = 8610 m/s and vT
= 5160 m/s.27 These values are for polycrystalline ru-
tile phase TiO2. The NP in the sample are crystalline
and in the anatase phase, whose elastic properties are
expected to be somewhat different. We do not consider
the distribution of NP sizes within the actual samples or
deviations from spherical shape.
Points (material coordinates) within the NP are de-
noted by ~R. Spatial position is denoted by ~r. If the NP
is at rest, then ~R = ~r at all points within the NP. Other-
wise, vibrations of the NP are described in terms of the
displacement field ~u = ~r − ~R. ~u is a function of material
coordinate ~R and time, t.
In general, since it is a vector field, ~u is the sum of a
zero curl vector field and a zero divergence vector field.
The zero curl vector field is expressible as the gradient of
a scalar field Φ. The zero divergence field is expressible
as the curl of a vector field Ξ.
~u = ∇Φ+∇× Ξ (2)
In turn, Ξ may be expressed in terms of two scalar fields
ψ and χ.
Ξ = ∇× (~Rψ) +∇×∇× (~Rχ) (3)
For a normal mode of frequency ω, the elastic equations
of motion of the NP turn into three independent scalar
differential equations:
∇2Φ = −
(
ω
vL
)2
Φ (4)
∇2χ = −
(
ω
vT
)2
χ (5)
∇
2ψ = −
(
ω
vT
)2
ψ (6)
In spherical material coordinates R, θ and φ, the above
equations have solutions of the following general form
(the exp(iωt) factors being omitted):
Φ = jℓ(kLR)Yℓm(θ, φ) (7)
χ = jℓ(kTR)Yℓm(θ, φ) (8)
ψ = jℓ(kTR)Yℓm(θ, φ) (9)
where jℓ are spherical Bessel functions of the first kind
(nonsingular at the origin) of order ℓ and Yℓm(θ, φ) the
spherical harmonics. ℓ ≥ 0 is the angular momentum
index and m is the z-component of angular momentum,
so that −ℓ ≤ m ≤ ℓ.
The boundary condition at R = Rp is that the rr, rθ
and rφ components of the stress tensor are all zero.
There are two classes of solution.28 In the first class
(torsional modes, TOR) only χ is nonzero and the dis-
placement field ~u has zero divergence. In the second
class (spheroidal modes, SPH) both Φ and ψ are nonzero.
There is a special case when ℓ = 0 where the motion is
purely radial. Otherwise, spheroidal motions have both
nonzero curl and divergence.
Modes are also indexed in order of increasing frequency
by integer n ≥ 0. Let p denote TOR or SPH. Then
we indicate a given mode by (p,ℓ,m,n). Its frequency is
denoted as ωpℓn, noting that frequencies are independent
3TABLE I: Frequencies (cm−1) of the IR active (SPH,ℓ =
1,m,n) modes for the HT-3 and HT-7 samples using sizes de-
termined from LFR experiments. In addition, the dimension-
less frequency η for each mode is given, where η = ωRp/vT .
n η νHT−3 νHT−7
0 3.357 40.87 24.52
1 6.555 79.79 47.87
2 7.660 93.25 55.95
(SPH,1,0,0) (SPH,1,0,1)
FIG. 1: Acoustic phonon displacement fields within the NP
for two modes are shown. The vertical blue dotted line is
the z-axis. The circular blue dotted line is the equilibrium
position of the NP surface. The circular red solid line is the
displaced profile of the NP surface. The magnitude of the
displacement is arbitrary. The (SPH,1,m,n) modes for m 6= 0
are identical to these, except rotated to have their symmetry
axis along x (m = 1) or y (m = −1).
of m. The frequencies of selected modes of a sphere of
TiO2 are given in Tab. I.
Figure 1 shows the displacement field ~u for the
(SPH,1,0,0) and (SPH,1,0,1) modes.
V. SELECTION RULES
Group theoretical arguments29 may be applied to the
situation of a NP which is (1) spherically symmetric (2)
isolated (3) much smaller than the wavelength of inci-
dent radiation (4) isotropic in its dielectric and elastic
response. In this case, only the SPH ℓ = 1 modes can
absorb FIR to first order in the incident intensity. Note
that this result does not apply to higher order processes
in which the scattered intensity is non-linear in the inci-
dent intensity.
VI. ELASTIC DIELECTRIC CONTINUUM
The point of this section is that there is no first order
absorption of FIR by acoustic phonons in a NP modelled
as an elastic dielectric continuum. What is needed is con-
sideration of quantum size effects, treated phenomenolog-
ically in a later section.
A continuum description of bulk matter ignores fluctu-
ations of physical quantities on the distance scale of the
crystal lattice. Quantities such as density, electric field,
charge density, stress and strain are defined as averages
over regions which are small and yet large compared to
the atomic length scale.
In particular, neutral bulk matter (with no external
field) has zero charge density in this macroscopic descrip-
tion, even though there are large microscopic fluctuations
of the distribution of charge, more positive where nuclei
are located and more negative elsewhere.
Consequently, a weak electric field does not exert force
on neutral matter, in this description. If an electric field
is externally applied to a NP, there will be a polariza-
tion field ~P (~r) within the NP, leading to bound surface
charge density σb(~r) = ~P · nˆ at the NP surface. nˆ is the
unit surface normal vector. Since σb is proportional to
the applied field, and since the force on a given point
within the NP is the product of the electric field and
the charge density, therefore the force on the NP is pro-
portional to the square of the applied field. Finally, the
absorbed power would scale as the applied field to the
fourth power. Since incident energy flux goes as field to
the second power, there is zero absorption cross section
at lowest order in the incident electric field.
Direct energy absorption by phonons requires a non-
local relation between electron current and field, and
also that the electron mean free path be longer than the
penetration depth of the field, so that the screening is
incomplete.24
VII. DIPOLAR PHONON
In this section, we consider absorption by the
(SPH,ℓ=1,m,n) modes. As mentioned above, group theo-
retical symmetry arguments show that the selection rules
allow FIR absorption by these modes.
The mechanism for (SPH,ℓ=1,m,n) modes to absorb
FIR radiation requires a description of the NP that rec-
ognizes the different role played by positive and nega-
tive charges within the NP. It is well known from density
functional theoretical calculations of metal NP that the
electrons in a NP tend to move outwards relative to the
positive nuclei, leading to a shell of negative charge sur-
rounding the NP, and with its interior slightly positive.
The simplifying assumption that we employ here is
that the NP has such an outer shell of negative charge,
with total charge Q. The interior of the NP is positively
charged, so that the NP as a whole is neutral.
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FIG. 2: (a) Harmonic oscillator model of absorption of FIR
by internal vibrations of a NP. Two masses each of mass 1
2
mp
are connected by a spring, k, and a dashpot, b. (b) Simplified
version of (a). The average power absorbed by (b) must be
doubled to get the average power absorbed by (a).
VIII. MASS SPRING MODEL
We present here a very simplified phenomenological
model of FIR absorption due to the internal vibration of
a NP. Let the acoustic phonon (we are thinking of the
(SPH,1,0,n) mode for some n) be represented by divid-
ing the NP into two pieces, each of mass mp/2, as shown
in Fig. 2(a). The two parts are connected by a spring
with force constant k. With only this spring, this sys-
tem has natural frequency 2
√
k/mp. Furthermore, the
system is damped by means of a dashpot connecting the
two masses. A dashpot (or shock absorber) exerts a re-
sistance force F = bv where v is the speed. The physical
origin of the damping is not important, but transfer of
mechanical energy through physical contact with neigh-
bouring NP in the nanopowder would be one important
mechanism.
By symmetry, Fig. 2(a) can be simplified to Fig. 2(b).
However, when finding the total power absorption in the
NP, the final answer will need to be doubled.
First, considering free damped vibrations of this sys-
tem, let z(t) denote the displacement of the block in
Fig. 2(b). The equation of motion is
− 2kz − 2b
dz
dt
=
mp
2
d2z
dt2
(10)
Assuming z(t) = exp(iωt)
− 2k − 2iωb = −
1
2
mpω
2 (11)
Solving this quadratic, the frequency of free oscillations
is a complex number with imaginary part
γ = 2b/mp (12)
Next, considering steady state driven vibrations of this
system, let the applied electric field (the incident FIR
radiation) be Eoz(t) = Eozexp(iωt). The equation of
motion of the system is
QEoz(t)− 2kz(t)− 2b
dz
dt
=
1
2
mp
d2z
dt2
(13)
The displacement of the block in Fig. 2(b) is z(t) =
B exp(iωt) where the amplitude B is to be determined
below. The equation of motion becomes
QEoz − 2kB − 2iωbB = −
1
2
mpω
2B (14)
so that
B =
QEoz
2k + 2ibω − 1
2
mω2
(15)
At resonance, the real part of the denominator van-
ishes, so that
B =
QEoz
2 i b ω
(16)
The velocity of the block is vz = dz/dt = vozexp(iωt)
voz =
QEoz
2b
(17)
The instantaneous dissipated power P (t) is the applied
force on the block, Fz(t) = QEoz(t), times the velocity
vz(t). This is integrated over one full cycle to yield the
average dissipated power. Finally, the result is multiplied
by 2 to regain the situation of Fig. 2(a).
P =
(QEoz)
2
2b
(18)
From considering the non-driven but damped oscilla-
tions, we saw in Eq. (12) that b = 1
2
γmp, where γ is the
imaginary part of the frequency of damped oscillations.
P =
(QEoz)
2
γmp
(19)
The incident power flux is given by S = 1
2
c ǫoE
2
oz where
Eoz is the peak amplitude of the incident electric field. c
is the speed of light in vacuum and ǫo is the permittivity
of free space. For simplicity, the dielectric constant of
the matrix in which the NP is supported is assumed to
be ǫo. The excess absorption cross section for a single
NP is found from σex = P/S, yielding
σex =
2Q2
γǫocmp
(20)
We call this the excess since there are other absorption
mechanisms for FIR not related to acoustic phonons.
5IX. SAMPLES
Anatase TiO2 nanopowders have been prepared by hy-
drothermal synthesis in subcritical water. Synthesis con-
ditions have already been described elsewhere.30,31 Two
powders with different average NP size have been used in
this work. They were characterized by X-ray diffraction,
surface area measurements, high-resolution electron mi-
croscopy and Raman spectroscopy, including LFR, in a
previous work31 where they are labelled HT-3 and HT-7.
These techniques were used to determine the crystalline
structure and the size of the NP. The average NP di-
ameter, as estimated from LFR, is roughly 4.5 nm for
HT-3 and 7.5 nm for HT-7, slightly different values be-
ing obtained depending on the technique. LFR revealed
well-resolved peaks contrary to previous works on similar
nanopowders. This is the sign of a relatively narrow size
distribution which is necessary to study size-dependent
properties.
X. INFRARED MEASUREMENT
The nanopowder samples were adhered to adhesive
tape. FIR absorption measurements were made in a
vacuum chamber. The room-temperature transmittance
measurements were performed using a Bruker IFS 66v
Fourier transform infrared spectrometer for the 15 -
200 cm−1 frequency range with a 4.2 K silicon bolometer.
The transmittance ratio of the nanopowders with tape to
the tape alone was obtained.
The circular aperture through which the IR passes is
about 5 mm in diameter so that the aperture area is A
= 2.0×10−5 m2.
We did not do any heat treatments of the TiO2 pow-
der before the IR measurements. Adsorption measure-
ments have shown that the surfaces of the individual NP
in these powders is covered by adsorbed water. Apply-
ing a vacuum without heating results in a weight loss of
approximately 10%. Subsequent heating up to 250oC re-
sults in an additional loss of 3%. Condensed water has
a weak absorption in the low-frequency range which has
been assigned to the “librational modes of structural ag-
gregates of clustered molecules”.32,33,34 No such signal
is expected in the present experimental results because
the small amount of water is adsorbed on a large surface
(∼ 300 m2/g) so no such aggregates are possible.
We have tried using high density polyethylene (HDPE)
as the substrate, as an alternative to the adhesive tape.
HDPE is known to be nearly transparent in the FIR
region. We found that HDPE shows somewhat higher
transmitted intensity than that of the adhesive tape.
However, it is difficult to affix the TiO2 powders on the
HDPE surface.
The properties of the two samples are shown in Tab. II.
The mass of one NP, mp, is found from mp =
4
3
πρR3p.
TABLE II: Properties of the two TiO2 nanopowder samples
are given. The sample designations HT-3 and HT-7 are as
used in the reports of the nanopowder synthesis.31 The NP
mass is determined assuming a density of 4097 kg/m3.27
sample designation HT-3 HT-7
2Rp diameter from LFR (nm) 4.5 7.5
mp mass of a single NP (10
−22kg) 1.95 9.0
mass of NP on tape (mg) 5.6 4.2
N number of NP on tape (1015) 29 4.6
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FIG. 3: Transmitted intensity ratio versus frequency for
two TiO2 nanopowders. The solid line is 4.5 nm diameter
nanopowder. The circles are for 7.5 nm diameter nanopow-
der. The vertical scale is the ratio of transmittance with and
without nanopowder affixed to the adhesive tape.
XI. TRANSMITTANCE SPECTRA
FIR transmission spectra are separately collected for
(1) adhesive tape only (IT0(ω)) and (2) adhesive tape
with TiO2 nanopowder adhering (IT (ω)). Necessarily,
IT (ω) ≤ IT0(ω). Figure 3 shows the transmittance in-
tensity ratio spectra (IT /IT0) of the two samples. By
definition, the transmittance intensity ratio cannot ex-
ceed 1.
Using Eq. (1) it is possible to determine the experi-
mental absorption cross section per NP. As in the case
of FIR absorption by metal NP, σ(ω) is generally of the
form Cω2 where C is a constant. Let the excess absorp-
tion cross section, σex(ω) be defined by
σex(ω) = −
A
N
ln
(
IT
IT0
)
− Cω2 (21)
where C is the optimum value of the constant to remove
the quadratic behavior. σex(ω) is the portion of the ab-
sorption cross section due to mechanisms that only apply
at special frequencies.
In Fig. 4 and Fig. 5 a quadratic background of the
form Cω2 has been subtracted from the absorption cross
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FIG. 4: For the 4.5 nm diameter NP sample, excess absorp-
tion cross section per NP is plotted versus the frequency in
wavenumbers.
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FIG. 5: For the 7.5 nm diameter NP sample, excess absorp-
tion cross section per NP is plotted versus the frequency in
wavenumbers.
section per NP. This reveals peaks. For each sample,
there is a peak at approximately 40 cm−1. It should be
noted that while the fit of the quadratic background is
straightforward for the HT-3 sample, it does not work so
well at higher frequencies for the HT-7 sample. However,
the resulting peak position in σex(ω) is not sensitive to
this uncertainty in fitting the background.
XII. DISCUSSION
As Fig. 4 and Fig. 5 illustrate, there are peaks in the
absorption cross section once a quadratic background is
subtracted. The two peaks at approximately 40 cm−1
can be identified with the 40.87 cm−1 (SPH,1,0,0) mode
for the 4.5 nm diameter sample and with the 47.87 cm−1
(SPH,1,0,1) mode for the 7.5 nm diameter sample. From
these two figures, the corresponding peak value of σex,
TABLE III: The values for σex are the peak heights from
Fig. 4 and Fig. 5. The upper bound for Q is from Eq. (22).
The number of TiO2 groups in each NP is indicated. The
surface area of each NP in nm2 is given, along with the num-
ber of adsorbed H2O molecules, assuming 3 H2O per square
nanometer.
HT-3 HT-7
σex m
2 7×10−23 1.9×10−21
Q Coulombs 40 e 350 e
TiO2 groups 1460 6770
4πR2p nm
2 64 180
H2O adsorbed 190 540
the excess absorption cross section per NP, is given in
Tab. III.
In a realistic environment such as a nanopowder, the
NP acoustic phonon modes would be damped by mech-
anisms such as contact with neighbouring NPs. In this
case, the frequency of the damped acoustic phonon can
be treated as a complex frequency ω + iγ, where the
imaginary part γ corresponds to damping of the vibra-
tion amplitude with time of the form exp(−γt). The
value of γ can be bounded above based on LFR peak
linewidths.31 However, LFR linewidths are due to two
phenomena: (1) NP size variation in the sample and (2)
acoustic phonon damping. In other words, it is conceiv-
able that the acoustic phonons are very lightly damped
and that the observed LFR peak width is due to NP size
variation alone. A rough estimate for the bound is that
γ < 0.3ω.
Using Eq. (20), Q2 may be bounded above:
Q2 <
1
2
0.3ω σex ǫo cmp (22)
The values of Q resulting from this relation are shown
in Tab. III. Since ω = ηvT /Rp and mp =
4
3
πρR3p, this is
equivalent to
Q2 <
2
3
0.3 π η vT σex ǫo c ρR
2
p (23)
The molecular weight of TiO2 is 79.9 g/mol, so that a
single “molecule” of TiO2 has massM = 1.33×10
−25 kg.
The number of TiO2 groups for NP in each sample is
shown in Tab. III.
The volume occupied by each TiO2 group is M/ρ. As-
suming that each TiO2 group contributes one electron,
the volume of the corresponding region is MQ/(ρe). Di-
viding this by 4πR2p yields the thickness of a surface layer
on the NP in which the required charge Q is found. Since
Q is bounded above, this is an upper bound on the layer
thickness. For the 4.5 nm and 7.5 nm samples, respec-
tively, the maximum required charge layer thicknesses are
2.1×10−11 m and 6.4×10−11 m. These layer thicknesses
are on the order of the charge screening length inside bulk
material.
7Alternatively, we note that the remaining adsorbed wa-
ter molecules on the NP surface have a density roughly
estimated as 3 molecules per square nanometer. Table III
shows the number of H2O molecules for each sample. It
is conceivable that the charge on these strongly polar ad-
sorbed molecules might play a role in the coupling of the
(SPH,ℓ=1,m,n) modes to FIR.
XIII. CONCLUSION
This study presents the first direct evidence of ab-
sorption of FIR electromagnetic radiation by acoustic
phonon modes of NP. The remarkably close agreement
between the observed positions of the peaks (in Fig. 4
and Fig. 5) and the theoretical estimates of the frequen-
cies of the (SPH,ℓ=1,m,n) acoustic phonon modes pro-
vides evidence for the correctness of this interpretation.
In addition, the excess absorption cross section (above
the smooth quadratic background) per NP is in plausible
agreement with a simple theoretical model.
Additional studies will be needed to verify the agree-
ment in observed and predicted peak position over a
wider range of NP dimensions and materials. σex needs
to be measured for nanopowder samples with varying
Rp, NP material, and conditions affecting adsorbed sur-
face materials. This could provide an experimental test
for any proposed improvements to the simple theoretical
model of NP FIR absorption that we have proposed.
Once more extensively studied, FIR absorption by NP
acoustic phonons has the potential to become an impor-
tant diagnostic probe of nanopowder properties, such as
particle size distribution, complementing existing tech-
niques such as LFR and UFLPP. In particular, FIR ab-
sorption is sensitive to the (SPH,ℓ=1,m,n) modes while
LFR is primarily sensitive to the (SPH,ℓ=2,m,0) modes
and UFLPP is sensitive only to the (SPH,0,0,n) modes.
Comparison of frequencies for these three kinds of modes
could be a useful test of the accuracy of the elastic con-
tinuum model of NP vibrations.
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